The time series fit of dynamic stochastic general equilibrium (DSGE) models often suffers from restrictions on the long-run dynamics that are at odds with the data. Relaxing these restrictions can close the gap between DSGE models and vector autoregressions. This paper modifies a simple stochastic growth model by incorporating permanent labor supply shocks that can generate a unit root in hours worked. Using Bayesian methods we estimate two versions of the DSGE model: the standard specification in which hours worked are stationary and the modified version with permanent labor supply shocks. We find that the data support the latter specification.
Introduction
Dynamic stochastic general equilibrium (DSGE) models have become a workhorse for studying various aggregate economic phenomena. Since these models generate both business cycle fluctuations as well as long-run growth paths, they should ultimately be able to match data across all frequencies. Despite the significant progress in developing empirically viable models, e.g., Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2003) , the time series fit of DSGE models is typically inferior to the fit of vector autoregressions (VAR) that are estimated with well-calibrated shrinkage methods, as documented in Del Negro, Schorfheide, Smets, and Wouters (2004) . One reason for the poor time series fit is the restrictions imposed by the so-called balanced growth path. Along the balanced growth path, (i) the "big ratios" (investment-output, consumption-output, capital-output, and real wage-output) are stable as output, consumption, investment, capital stock, and real wages grow at the same rate, and (ii) the real rates of return to capital and per capita hours worked are stationary. 1 As pointed out, for instance, by Canova, Finn, and Pagan (1994) , these model-implied co-trending relationships are often rejected by the data. Modifications to the probabilistic structure of the exogenous shocks that generate fluctuations in DSGE models can be used to generalize trend structures. For instance, in a two-sector model Edge, Laubach, and Williams (2003) introduce trends in sector-specific productivity processes such that the relative price of investment becomes non-stationary and real investment and consumption can grow at different rates. This paper focuses on the stationarity of hours worked. Many researchers doubt that hours worked are stationary as we have observed apparent changes in labor-supply patterns over recent decades, e.g., McGrattan and Rogerson (2004) , and Galí (2005) . Usual suspects responsible for persistent shifts in per capita hours are structural changes in demography, government purchases, tax codes, household production technology, or preferences itself. Recently, business cycle theorists have been particularly concerned with this issue because assumptions about the persistence of hours has far reaching implications for our understanding of propagation mechanisms as well as the sources of economic fluctuations. Shapiro and Watson (1988) report that about half of the cyclical variation in output can be accounted for by the stochastic trend in labor supply. In response to a provocative finding by Galí (1999) that hours worked decrease after a favorable technology shock, Christiano, Eichenbaum, and Vigfusson (2003) , henceforth CEV, Chari, Kehoe, and McGrattan (2004) , and Basu, Fernald, and Kimball (2004) show that the statistical inference in a structural VAR crucially depends on the treatment of low frequency components of hours worked. This paper makes two contributions. First, we present a modified stochastic growth model in which hours worked have a stochastic trend, generated by a non-stationary labor supply shock. In terms of properly detrended variables the model has a well-defined steady-state and can be solved, for instance, by a log-linear approximation around this steady state. Since this specification implies that the technology shock is the only source for permanent shifts in average labor productivity, the popular long-run VAR identification scheme for technology shocks remains consistent with our model. The modification proposed in this paper can be easily incorporated into large-scale DSGE models with real and nominal rigidities and potentially improve their empirical performance.
Second, based on output and hours data we compute posterior odds for two stochastic growth models: one with stationary hours and the other with non-stationary hours. We find for three alternative data sets that the model with a non-stationary labor supply shock is preferred. Posterior probabilities range from 93.1 to 99.4%. 2 However, as the prior distribution for the autocorrelation of the labor supply shock in the model with stationary hours is shifted toward more persistence, the evidence in favor of the non-stationary hours specification decreases. This finding is a reflection of the well-known fact that it is difficult to distinguish unit-root from highly persistent yet stationary dynamics. Given the weak and partially conflicting evidence on the stationarity of hours from univariate tests as, for instance, documented by CEV, it is in our view preferable to conduct a multivariate specification analysis directly in the context of the model of interest. Cross-coefficient restrictions and the careful specification of prior distributions can help to sharpen inference. This view is mirrored in CEV's VAR analysis, in which they advocate a multivariate encompassing test over univariate unit-root tests. Unfortunately, CEV dodge the delicate issue of specifying prior distributions for their model parameters by the construction of pseudo-posterior odds ratios that ignore the likelihood functions of their VARs. While CEV find no gains from imposing difference stationarity of hours in their VAR, our analysis documents that the unit-root specification improves the DSGE model. The remainder of this paper is organized as follows. Section 2 presents the stochastic growth model and discusses its long-run dynamics. Section 3 explains our estimation procedure. The results from the empirical analysis are presented in Section 4 and Section 5 concludes.
Model
The model economy is a one-sector stochastic growth model with technology and labor supply shocks. We consider two versions of the model that differ only with respect to the persistence of the labor supply shock.
The representative household maximizes the expected discounted lifetime utility from consumption C t and hours worked H t :
The log utility in consumption implies a constant long-run labor supply in response to a permanent change in technology. The short-run (Frisch) labor supply elasticity is ν. The labor supply shock is denoted by B t . An increase of B t raises the labor supply. This may reflect permanent shifts in per capita hours of work due to demographic changes, tax reforms, shifts in the marginal rate of substitution between leisure and consumption, or (non-neutral) technological changes in household production technology. The household supplies labor at the competitive equilibrium wage W t and rents capital K t to the firms at the competitive rental rate R t . The capital stock depreciates at the rate δ, and the per-period budget constraint faced by the household is
Firms rent capital, hire labor services, and produce final goods according to the following Cobb-Douglas technology:
The stochastic process A t captures the exogenous labor augmenting technical progress. Profit maximization of the firm and factor market equilibrium conditions determine wage and rental rate:
The level of technology in period t = 0 is denoted by A 0 . We consider two specifications for the labor supply process B t . Under specification M 0 the labor supply shock follows a stationary AR (1) process:
where 0 ≤ ρ b < 1 and ln B 0 is the unconditional mean of ln B t . In model M 0 the innovation b,t only has a transitory effect. Alternatively, under specification M 1 the labor supply shock evolves according to a random walk:
and we use B 0 to denote the initial level of B t . In both specifications, the innovations a,t and b,t are assumed to be uncorrelated at all leads and lags.
It is well known that in model M 0 hours are stationary and that output, consumption, and capital grow according to the technology process A t . Hence, one can induce stationarity with the following transformation:
In model M 1 , on the other hand, the labor supply shock B t induces a stochastic trend into hours as well as output, consumption, and capital. To obtain a stationary equilibrium these variables have to be detrended according to:
With these transformations, we obtain a system of rational expectations equations that characterizes the equilibrium dynamics of the endogenous variables in the neighborhood of the steady state.
It can be solved by standard log-linearization methods, e.g., King, Plosser, and Rebelo (1988) 
Econometric Approach
We will fit M 0 and M 1 to observations on the log level of real per capita output and hours worked, denoted by the 2 × 1 vector y t . Let t = [ a,t , b,t ] and define the vector of structural model
It is well known that log-linearized DSGE models have a state space representation, which we will express as follows:
The system matrices of this state space representations are functions of the structural parameters θ. The trend in (8) captures the effect of the drift in the random walk technology process A t .
Equation (9) 
The fit of models M 0 and M 1 can be assessed based on the marginal data densities
If the prior odds of two models are equal to one, then the ratio of marginal data densities provides the posterior odds. Log marginal data densities penalize the maximized log likelihood function by a measure of model complexity and can be interpreted as a measure of one-step-ahead out-of-sample predictive performance. The Bayesian analysis is implemented with Markov Chain Monte Carlo methods described in Schorfheide (2000) .
Empirical Analysis
We use three different data sets comprised of quarterly U.S. real per capita GDP and hours worked The benchmark prior distribution of the parameters is summarized in Table 1 . We assume all parameters to be a priori independent. By and large, the prior means are chosen based on a pre-sample of observations from 1954:Q2 to 1958:Q4. The prior mean of the labor share α is 0.66 and that for the quarter-to-quarter growth rate of productivity, γ, is 0.5%. The prior for β is centered at 0.995. Combined with the prior mean of γ, this corresponds to an annualized real return of about 4%. The depreciation rate δ lies between 1.8% and 3.3% per quarter. The 90% probability interval for the Frisch labor supply elasticity ν ranges from 0.3 to 1.8. The posterior means and 90% probability intervals are reported in Table 2 . For convenience, we also report probability intervals for the prior distribution. The estimates of α, β, δ, and γ are very similar across data sets and model specifications. While the data are not very informative about α, β, and δ the probability interval of γ shrinks by a factor of 4. The posterior means of the labor supply elasticity ν range from 0.4 to 1 and are somewhat larger than the micro-level estimates. However, our estimates are roughly consistent with the estimates obtained by Chang and Kim (2005) and estimates from an experimental survey by Kimball and Shapiro (2003) , who report a value of about 1. The estimated standard deviations of the structural shocks are similar across data sets and model specifications. For the stationary model, we observe that the estimated autocorrelation of the labor supply shocks is near unity, exceeding 0.95 in all three data sets.
To assess overall time series fit of the stochastic growth models, we report marginal data densities in Table 4 . For all three data sets, the non-stationary model has a higher marginal data density than the stationary model. The posterior odds in favor of M 1 range from 14:1 (Data Set 1) to 156:1 (Data Set 2). In addition to the DSGE models we estimate a VAR in log levels of output and hours
with p = 4 lags using a Minnesota prior. 5 This prior shrinks the VAR estimates toward univariate random walk representations. While the VAR dominates both M 0 and M 1 in terms of the marginal data density, the generalization of the balanced growth structure due to a non-stationary preference shock improves the fit of the DSGE model and narrows the gap between DSGE model and VAR.
For instance, based on Data Set 2 the odds of VAR versus M 0 are only 7:1.
We conduct a number of robustness checks by re-estimating M 0 and M 1 under alternative prior distributions presented in Table 3 . Prior A1 uses a more diffuse distribution for ln B 0 in the non-stationary model M 1 , whereas the distribution under A2 is more concentrated than for the benchmark prior. Not surprisingly, the marginal data density deteriorates under the less informative Prior A1 for all three data sets. However, the change is small because our analysis is conditioned on four initial observations. Tightening the prior for ln B 0 leaves the marginal data density virtually unchanged.
Priors A3 probabilities. Under Prior A4, on the other hand, the marginal data density of M 0 falls relative to the benchmark prior. While overall the non-stationary specification M 1 is the preferred one, the particular margin is sensitive to the prior, reflecting the difficulty of distinguishing unit root from stationary yet highly persistent dynamics in finite samples.
Posterior mean impulse responses of output, hours, and labor productivity to technology and labor supply shocks are depicted in Figure 2 . The estimated impulse response functions for Data Set 2 and 3 are similar to those obtained from Data Set 1 and hence omitted. Given the simple structure of the model and its well-known lack of internal propagation, the impulse responses are monotonic. A technology shock raises output permanently. Hours worked increase initially and then return to the steady state level. Under M 0 a preference shock increases labor supply and raises output and hours worked temporarily, whereas under M 1 the increase is permanent. However, the labor supply shock does not affect labor productivity permanently so that the technology shock remains the unique source of permanent shifts in labor productivity.
permanent component attains a better time series fit and narrows the gap between DSGE model and VAR. Our modification can be easily incorporated into more sophisticated DSGE models with real and nominal frictions. While this paper has focused on improving time series fit by modifying an exogenous process, the ultimate goal should be to improve the structure of the labor market specification to reduce the role of exogenous shocks by unveiling economic factors behind persistent movements in hours. Notes: B denotes the benchmark prior in Table 1 whereas A1 through A4 refer to the alternative priors in Table 3 . 
